o 

h-1 



THE EXTENDER ALGEBRA AND S?-ABSOLUTENESS 

ILIJAS FARAH 

^H ■ 

o 

fv^ ' Abstract. We present a self-contained account of Woodin's extender alge- 

I ^ bra and its use in proving absoluteness results, including a proof of the S|- 

^ , absoluteness theorem. 

o 

QQ ' This note provides an introduction to Woodin's extender algebra and a proof 

(due to Steel and Woodin independently) of Woodin's S^-absoluteness theorem, 
using the extender algebra, from a large cardinal assumption. Unlike the published 
accounts of this proof, the present account should be accessible to a set theorist 
familiar with forcing and basic large cardinals (e.g., [8], [4]). In particular, no famil- 
iarity with the inner model theory is required. A more comprehensive account of the 

i-G ' extender algebra can also be found in 18, §7.2] and [13, §4] and the reader is invited 

C^ , to consult these excellent sources for more information and other applications. A 

strengthening of the Y\ absoluteness in terms of determinacy of games of length uj\ 
was proved by Neeman ([14,) also using the extender algebra. In [TU], Larson used 
the extender algebra to prove the consistency of Woodin's r^-conjecture. 
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presented here is due to W.H. Woodin, but some of the proofs and formulations, 
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; ^ ■ Woodin for their kind permission to include their results in this note. Part of this 

Cu I paper was prepared during my stay at the Mittag-Leffler Institute in September 

2009. I would like to thank the staff of the Institute for providing a pleasant and 
stimulating atmosphere. 

1. Logics 

1.1. An infinitary propositional logic. For regular cardinals -f < S we shall 
define the infinitary propositional logic Cs^y The interesting cases are 7 = 0; and 
7 = (5, but it will be easier to develop the basic theory in the two cases parallelly. Let 
Cs^-y be the propositional logic with 7 variables a^, for ^ < 7, which in addition to the 
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standard prepositional connectives V, A, — >, <-)■, and -> allows infinitary conjunctions 
of the form Af<K '/'C ^^d infinitary disjunctions of the form V£<k Vf for all k < S. 

In addition to the standard axioms and rules of inference for the finitary propo- 
sitional logic, for each k < S and formulas tp^, for ^ < k the logic Cs.-f has axioms 
h V5<K^V'5 ^ ^A5<k¥'C ^^d h A5<K '^C ^^ '^')' for every 77 < k, as well as the 
infinitary rule of inference: from h ip^ for all ^ < k infer h Af<K '/'C- "Tf^^ provabil- 
ity relation for £5^^ will be denoted by h^^^ or simply h if J and 7 are clear from 
the context. Each proof in Cs^-y is a well-founded tree and the assertion that ip 
is provable in Cs.-y is upwards absolute between transitive models of ZFC. Since 
adding a new bounded subset of S adds new formulas and new proofs to Cs^-y, it is 
not obvious that the assertion that ip is not provable in Cs^-y is upwards absolute 
between transitive models of ZFC. This is, nevertheless, true: see Lemma [L^ 

Every x € ^(7) naturally defines a model for Cs,j via Vx{a() = true iff x{^) =^ 1 
for ^ < 7. Define A^ — ^,^,5,7 via 

A^^{xe Vij) \x^^}. 

When J — uj then these are the so-called 00-Borel sets (see e.g., [3D1 §91.]). Note 
that the sets of the form A^ for tp g Cuji,u] are exactly the Borel setsQ Also note 
that a; 1= (/? is absolute between transitive models of ZFC containing x and ip. 

1.2. Completeness of Cs^-y The following two lemmas are standard. 

Lemma 1.1. (1) For every formula ip in Cg^^ we have that h ip implies ^ ip. 

(2) If 5 > 2'^ then there is a formula p in Cg^y such that |= p but not h ip. 

Proof. Clause (1) can be proved by recursion on the rank of the proof. 

(2) For X C J let (px = Vf<7 Q,?, where a? = a^ if ^ G x and a? = ^aj if ^ ^ x. 
Then y \= px ii and only if y — x, and therefore the formula ip> — AkC-v ~"f'-c i^ ^ot 
satisfiable. However, ip is satisfiable in every forcing extension in which there exists 
a new subset of 7. D 

Lemma 1.2. For every ip in Cg^y the following are equivalent. 

(l)h^. 

(2) A^ — 7^(7) in all generic extensions. 

(3) A^ — V^'j) in the extension by Coll(a;, k) for a large enough cardinal k. 

Proof. Clause H]) is upwards absolute and by recursion on the rank of the proof it 
easily implies ([2]). Also, ([2]) trivially implies dSj. 

Assume ^ fails for ip and let k be the cardinality of the set of all subformulas 
of (p. We may assume a^ is a subformula of ip if and only if ^ < k. 

We claim that for any two formulas ipi and "02 in ^s.-y such that ■01 \/ ip we 
have either ipi A 4'2 \/ ip or ipi A -i'02 V V- Otherwise we have i/'i ^^ ^"2 —S" V' and 
"01 I ^^2 — ^ </7 and therefore "01 h (/9, a contradiction. 

In the extension by Coll(a;, k) enumerate all subformulas of ip as 0'n, for 71 G w, 
and also enumerate {aj : ^ < k} as 5„, for n G uj. Recursively pick an increasing 
sequence of ^C^^-y-theories 7^, for n G w, satisfying the following requirements: (i) 
To — {""/'} and each %i is a finite consistent set of ground-model formulas in Cg^y. 
(ii) either 6„ G Tn or ^6„ G Tn. (iii) if ipn is of the form Af<A '^i fo'" some A then 



Keep in mind tliat, in spite of the connection with Borel sets, this logic is not the 'usual' 
Luji,uj ([5]). Our £uj,[j happens to be the propositional fragment of the latter. This is really an 
accident since in each of the two notations '(.j' signifies a different constraint. 
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either ipn G Tn or -^a^ G Tn for some ^ < A. (iv) if ijjn is of the form Vf <a '^C ^^^ 
sonic A then either ^ipn G Tn or a^ G T^i for some i^ < A. 

By the above claim, if Tn satisfies the requirements then Ti+i as required can be 
chosen. After all Ti have been chosen define x C 7 by a; = {^ : a^ G |J„ Tn}- Then 
X ^ -"f can be proved by recursion on the rank of f, using the fact that every 
infinitary conjunction and every infinitary disjunction appearing in ip is computed 
correctly. Therefore in this extension ([3]) fails. D 

Recall that the Lindenbaum algebra of a /I^.-y-theory T is the Boolean algebra 
of all of equivalence classes of formulas in Cs.-y with respect to the equivalence 
relation ^7- defined by (p ^j- ijj if and only if T h (p 4-)- -0. We shall denote 
this algebra by Bs,j/T and consider its positive elements as a forcing notion (see 
Lemma 11.41 below) . 

Lemma 1.3. For every Cs,--/ -theory T such that Bs.-y/T has the S-chain condition 
Bs,-y/T is a complete Boolean algebra. 

Proof. Immediate, since both Bs^-y and T are (5-complete. D 

For X C "f such that x \= T define an ultrafilter of Bs.^/T by (here [ip] stands for 
the equivalence class of ip) 

r, = {[(^] EBs,y/T\x^^}. 

Note that for every generic F C Bs,^/T there is the unique a; C 7 such that F^^ = F, 
defined as x = {^ : a^ G F}. 

Lemma 1.4. Assume T is a theory in Cs.-y and M is a transitive model of ZFC* 
such that {(5,7,7"} C M, and Bs.-y/T has the S-chain condition in M. Then for 
every x G 'P{'y) we have x |= T^^ if and only if x is Bs^-y/T -generic over M . 

Proof. If X is ;B5^-y/7"-generic over M then a proof by induction on the complexity 
shows that x \^ if for all [ip] G F, hence {ip G Cs.-y : x \= ipi} includes T*^. 

Now assume x \= T*^. Let (p^ (^ < k) be a maximal antichain of [Bs^-y/T)'^^ that 
belongs to M . By the (5-chain condition k < S and therefore Vf<K V'C is in ^s\- By 
the maximality of the antichain we have T*^ |= Vf<K fi- Therefore x |= Vf<K Vi- 
This implies x \= ip^ for some ^ < k and F^; intersects the given maximal antichain. 
Since the antichain was arbitrary, we conclude x is generic. D 



2. Elementary embeddings 

2.1. Extenders I. We only sketch the bare minimum of the theory of extenders. 
For more details see [H] or ^ §26]. An extender E is a set that codes an elementary 
embedding je- V ^j- M . For every elementary embedding j: V ^f M and A > 
crit(j) there is an extender E in V\+i such that je and j coincide up to Vx in the 
sense that j{A) r\V\— Je{A) n V\ for all AQV^. The model M is constructed as 
a direct limit of ultrapowers of V and it is denoted by Ult(y, E). 

A generator of an elementary embedding j: V ^ M is an ordinal ^ such that 
there are an inner model N and elementary embeddings ii and 12 such that the 
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commutes and crit(i2) — ^. For example, the critical point k is the least generator 
and an elementary embedding such that j(k) > (2'')+ must have other generators. 
A generator of an extender ii^ is a generator of je ■ The strength of an extender E 
is the largest A such that V\ C M, where je'- V — > M. 

The only properties of extenders used in the present paper are (El) and (E2). 

(El) If E is an extender with n = crit(j_E) then Ult(iV, E) can be formed for 
every model N such that (K+i)^ = K+i. Also, \J\i{N,E) D Vx, where A 
is the strength of E and whether or not ^ is a generator of E depends only 
on E and V^+i- 
For a proof of (El) see [H] Lemma 1.5], or note that this is immediate from Def- 
inition [22] below since all ultrafilters Eg concentrate on [k]^"^. While (El) is a 
property of all extenders, (E2) below is not. However, we shall consider only the 
extenders satisfying (E2). 

(E2) The strength of E is greater than the supremum of the generators of E. 
It is important to note that the strength depends only on E, and not on the model 
to which E was applied. 



\M 



2.2. Woodin cardinals. If A is a set such that j:V^M satisfies V\ = (Vxj 
and i{A) C\V\ — AC\V\ then we say j is an A, X-strong embedding. If je is an 
A, A-strong then we say E is A, A-strong. A cardinal (5 is a Woodin cardinal if for 
every A C Vs there is k < S such that there are A, A-strong elementary embeddings 
with critical point k for an arbitrarily large X < 6. We say that A reflects to k. 
Note that the Woodinness of S is witnessed by the extenders in Vs , and therefore S 
is Woodin in V if and only if it is Woodin in L{Vs). Moreover, it suffices to consider 
only the extenders that satisfy property (E2). 

2.3. Extenders II. A reader not interested in extenders per se may want to skip 
the rest of this section on the first reading and take (El) and (E2) for granted. The 
actual definition of an extender is, strictly speaking, not necessary for our present 
purpose. However, this notion is centrao in the theory and we include it for the 
reader's convenience. Every extender is of the following form. 

Example 2.1. Assume j : V ^^ M is an elementary embedding with crit(j) = k. 
Fix A such that k < A < j{n). Typically, we take A such that M D V\. For 
s e [A]<" define E^ C [k]" (where m = |s|) by 

X ^ Es'ii and only if s £ j{X). 

Then E{j, A) = {Es : s e [A]<'^) is a (k, A)-extender. 

Fix a cardinal k. For m e w and s C m with |s| = n consider the projection 

map TT = TTm^s : [k]™ ^» [nY defined by 



7r((^i: i < m)) = {^i: i e s) 



after all, it is the extender algebra 
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More generally, if s C i arc finite sets of ordinals (listed in the increasing order) 
then the projection tt = irt^s '■ [k]* — > [k]" is defined by 

7r((C,: iet)) = {C^: i £ s). 

Recall that if U and V are ultrafilters on sets / and J, respectively, then we write 
^ <RK V if and only if there is h: J —> I such that 

X eU ii and only if h^^iX) e V. 

In this situation we say U is Rudin-Keisler reducible to V and that h is the Rudin- 
Keisler reduction oJlA toV. 

Respecting the notation commonly accepted in the theory of large cardinals, we 
denote an ultrapower of a structure M associated to an ultrafilter U by \]\i{M,U). 
Its elements are the equivalence classes of / e M^ n M, 

[.f]u^{9eM'r^M:{m).f{i)=g{i)} 

and the membership relation is defined by [f]u G [g\u if a-nd only if {Ui)f{i) G g{i)- 
liU is Hi-complete then \J\t{M,U) is well-founded whenever M is well-founded, 

and we identify \J\t{M,U) with its transitive collapse. 

Assume U and V are ultrafilters on index-sets / and J, respectively, and U <rk V 

is witnessed by a reduction h: J ^ I. Then for any structure M we can define a 

map jh ■■ M^/U -^ M-^/V by 

Jh{[f]u) = [f ° h]v 

In the following lemma M is any structure and U and V are arbitrary ultrafilters 
and its proof is straightforward. 

Lemma 2.2. //W<rkV; h is the Rudin-Keisler reduction, and jh is defined as 
above, then the diagram 

jh 

Uh(Af,V) 
commutes and jh is an elementary embedding. D 

For a finite set s and i < |s| let s^ denote its i-th element. As common in set 
theory, we start counting at 0. 

Definition 2.3. Assume k < A are uncountable cardinals. A {k,X)- extender is 
E: [A]^'^ -^ Vk+2 such that for aU s and t in [A]<" we have 

(a) Eg is a nonprincipal K-complete ultrafilter on [k]'*'. 

(b) If s C i then ttj ^ is a Rudin-Keisler reduction of E^^ to Et- 

(c) Normality: If s G [A]^" and /: [k]'*' is such that f{u) < Ui for Eg many u, 
then there exist ^ < Si and j such that / o TTay^^j, (j('u) — Uj for Eg^^^y 
many u. 

(d) Countable completeness: if s{n) G [A]^'^ and X{n) G -Es(n) for all n < w 
then there is increasing h: (J„ s(n) — > k such that h" s{n) G -'f (n) for aU n. 

If E is an extender, then the models 

Mg^\]\i{V,Es) 
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are, by the K-completeness oi Es, well-founded. By Lemma [2^ they form a directed 
system under the embeddings (writing jt^s for jnt.s) 

jt,s- Mt^Ms. 

The direct limit of this system will be denoted by Ult(F, E) and identified with its 
transitive collapse if it is well-founded. 

It is not difficult to show that if E satisfies (a), (b) and (c) of Definition 12. 31 then 
the corresponding ultrapower Ult(y, E) is well-founded if and only if E satisfies (d) 
as well. 

The following facts can be found e.g., in [18 . For an extender E we write 
ke = crit(_E) (the critical point of _E, i.e., the least ordinal moved by je) and 
Xe — sup{77 I Vjj C (V^)*^} (the strength of E). Note that, with the above notation 
for a (k, A)-extender, we have ke = n but not necessarily A^; = A. However, if 
j : V -^ M is an elementary embedding such that crit(j) = n, the strength of j is A, 
and A is a strong limit cardinal, then the (k. A) extender E defined in Example l2.1l 
satisfies mt{V,E) CiVx ^ M nVx and j{A) nVx = jsiA) n Vx for all A and is 
therefore A-strong. The assumption that A is strong limit is needed to code subsets 
of V{a) by sets of ordinals for every a < A. 

If i? is a (k, A)-extender, let M be a model to which E can be applied and let 
K < ^ < A. One defines E \ £_ = {Eg : s G [■C]^'^). Like in Lemma [2.21 one can define 
an elementary embedding i such that the diagram 

'^" mt{M,E\^) 




mt{M,E) 

commutes. If crit(i) = ^ then we say ^ is a generator of E. 

Lemma 2.4. If j : V -^ M is a X-strong embedding with crit(j) = k. Let E = 
E(j, A) be as in Example \2.1\ Then 

(1) E satisfies (El) and (E2). 

(2) For every X C k we have j{X) n A = jsiX) n A. 

In particular, if 6 is a Woodin cardinal then there is a family E C_ Vs of extenders 
satisfying (El) and (E2) such that 5 is Woodin in L[E\. 

Proof. Clause (El) is the immediate consequence of the fact that Ult(iV, E) de- 
pends only on Vk+i fl N . Clearly every generator of a (k, A)-extender is < A, and 
therefore (E2) follows. D 



Lemma 12.51 below will not be needed elsewhere in the present paper. It is in- 
cluded only as an illustration that the countable completeness of the extenders is 
a necessary requirement for wellfoundedness of the ultrapower. 

Lemma 2.5. Assume k is a measurable cardinal. Then there is X > k and 
E: [A]<" -^ K+2 such that 

(a) Es is a nonprincipal K-complete ultrafilter on k^ , 

(b) If s C_ t then TTt,s is a Rudin-Keisler reduction of Eg to Et 
such that the ultrapower We ^ ^s ill-founded. 
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Proof. Let j : V ^ M be an elementary embedding with crit(j) = k. Let A = 
sup{n G w: J"(k)}. For all X, n and k we have the following. 

r+\x) n 3\k) =. j\rix) n «) = j^(x n A.) = /(x) n/^. 

Because of this for a finite s C A the following defines a subset E^ of k'"': 

X e £:^ if and only if s G f'{X) 

where n is such that max(s) < j^{k). Then Eg is clearly a K-complete ultrafilter. 

The map E, [X]<'^ 3 s i-^ Es € V^+i satisfies (El) and (E2). We can therefore 
form the direct limit of the ultrapowers YIe ^i s G [•^]^'^- However, this ultrapower 
is not well-founded. Let s{n) — {j^{k): i < n} and Ai„ ~ lJlt{V, E g^^^)) ■ Then 
js(n},s(n+i) ('*) > '^i Slid therefore in the direct limit we have a decreasing w-sequence 
of ordinals. D 



The problem with E defined in Lemma [23] is that the ultraproducts are iterated 
the 'wrong way.' Let us consider this example a little more closely. If s{n) = 
{j™(k) : m < n} then i?s(„) is the set of all X C k" such that 

(wco)(z^Ci) • • • (w6.-i)(Cn-i, . . . ,a,eo) e ^ 

Then the set of all decreasing n-tuples of ordinals < k belongs to Eg^^j^-j for each n. 

3. The extender algebra 

Assume i5 is a Woodin cardinal and 7 < (5 is regular. Fix E, a system of extenders 
in Vs such that for every A C Vs there is k < S such that for all A < (5 above k 
there is an A, A-strong elementary embedding j : V ^ M with crit(j) = k coded 
by some E £ E. Let Ts.j{E) be the deductive closure in Cg^y of all sentences of the 
form 

for a sequence tp — {ip^ | ^ < (5) in Cs,-y, k such that reflects to k, A G [k, (5), and 
this is witnessed by an extender in E. 

Remark 3.1. This is not the standard definition of Ts,-f{E). One usually considers 
Ts,j{E) to be the set of all sentences ^((^, k, A) such that for some extender E £ E 
such that crit(JB) = k we have JEisp) \ \ = \ X- I don't know whether there 
is a real difference between the two versions of the extender algebra and the only 
reason for using the alternate definition is that I initially got the definition wrong. 
Luckily, it all works out. 

Lemma 3.2. If = {(p^ \ £, < 5) reflects to k then (p(_ G V^ for all ^ < k. 

Proof, li j : V ^ M is k, A-strong then j moves all ordinals in the interval [k. A). 
Hence if ip reflects to k then ip^ for ^ < ac are fixed by elementary embeddings that 
move arbitrarily large ordinals in the interval [k, S). Therefore a(^) = min{7: ip^ G 
V^} is less than k for every ^ < k. D 

In the following it may be worth emphasizing that x is assumed to belong to the 
same inner model as E (cf. Theorem [ 



Lemma 3.3. For every real x in L[E] we have x \= Ts,uj{E). In particular, Ts,u]{E) 
is a consistent theory. 
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Proof. Fix a sequence ip that reflects to k and this is witnessed by extenders in E. 
We need to check '^{(f,K,X) for all A > k. We may assume x \^ ip^ for some ^, 
since otherwise ^((/s, k,A) vacuously holds for all A. Pick an extender E € E such 
that Je is ((/?, A)-strong for some A > ^. Since x is a real it is not moved by any j 
and therefore by elementarity we have x \^ ipri for some rj < k and the conclusion 
follows. D 

Note that if a cardinal 7 is (5-strong (or equivalently, in the terminology in- 
troduced above, if 6 reflects to 7) and this is witnessed by extenders in E then 
7 ^ Ts^-yiE), as can be seen by taking (p^{x) to be a^ if a; e a; and /h^ ii ^ ^ x. 
However, if crit(£') = 7 then by the mininality of 7 and elementarity we have 

J^jEiTs^iE)) 

The extender algebra with 7 generators corresponding to E is the algebra 

Ws,j{E) = Bs,j/Ts,j{E). 

Again, the important instances of the extender algebra are given hy j — uj and 
"f — S but for convenience we develop theory of Ws^^yiE) for an arbitrary j < 5. 

Lemma 3.4. If S is a Woodin cardinal and E is a system of extenders witnessing 
its Woodinness, then Ws^-y has the 6-chain condition and is therefore complete. 

Proof. Assume the contrary and let A = {[ips] \ £, < 6} he an antichain. Let k be 
the minimal cardinal such that A reflects to k. Therefore 

for A > K, contradicting the assumption that A was an antichain. 

The completeness of Ws^-^ now follows by Lemma 11.31 D 

The following two facts will not be needed in this note. Ketchersid and Zoble ([7]) 
proved a converse of Lemma l3.4[ that if yVs,-y{E) has S-cc then 5 is Woodin. Hjorth 
proved that yVs,uj{E) x Ws.ui{E) has the 5-chain condition ([51 Lemma 3.6]). It is 
not known whether 'Ws,uj{E) x B has the J-chain condition whenever B has the 
(5-chain condition. 

The following fact (not needed in proofs of the main results of this note) was 
pointed out to me by Paul Larson. 

Lemma 3.5. Assume 7 is any cardinal less than the least critical point of each 
extender in E and V is a forcing notion of cardinality 7. Then in yVs,-y{E) there is 
a condition p that forces that V is a regular subordering of Ws^^{E). 



The first proof of Lemma \3.5\ Pick a bijection between P and 7 and hence identify 
P with (7, <p) for some partial ordering <p on 7. Let the sentence Lp be the 
conjunction of axioms expressing the following. 

(a) The order on P: a^ — )► a,, whenever ^ <p ry, 

(b) The incompatilibity relation on P; Ac<ii~'('^C ~^ '^n) ^ ~'('^C ^ '^f)); if 

(c) For every maximal antichain A of P, Vfe^ '^? ■ 

Then ip is in Cs,-y and since its size is below the least critical point of an extender 
in E^ it is consistent with Ts-y (E) . Therefore we may take p to be (the equivalence 
class oi) (p. D 
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We shall give another proof of Lerama 13.51 after Theorem 13.111 

3.1. Iteration trees. We say that T = (C, <t) is a tree order on an ordinal ( if 

(1) T == (C, <t) is a tree with root 0, 

(2) <T is coarser than <, 

(3) every successor ordinal is a successor in <t, 

(4) if ^ < C is a limit ordinal then the set of <T-predecessors of £, is cofinal in ^. 

Consider a transitive model M of a large enough fragment of ZFC and a system 
E of extenders in M. We allow M to be a proper class. As a matter of fact, it is 
typically going to be a proper class. Nevertheless, we omit the (straightforward) 
nuisances involved in formalization of the notion of an iteration tree in ZFC. 

An E-iteration tree is a structure consisting of {T,Mrj,E(^ | ?? < Ci^ < Oj 
together with a commuting system of elementary embeddings jj,, : M^ — > i\f,j for 
^ <T V such that 

(5) <T is a tree order on C, 

(6) E^ is an extender in E^^^ , 

(7) If K = crit(£'^) then the immediate <T-predecessor of ^ + 1 is the least 
ordinal ry such that M,j n V^+i = M^ n 14+1, 

(8) If ^ + 1 is the immediate <t successor of rj then Af^+i — Ult(il/,j, E^), hence 
jr),c+i — JEti as computed with respect to M^, 

(9) If ^ is a limit ordinal then M^ is the direct limit of M^, for 77 <t ^, and 
(10) each A/^ is well-founded. 

It is usually not required that an iteration tree satisfies condition ([7]), and the it- 
eration trees satisfying this condition are called normal iteration trees. If E^ was 
always applied to A/j, then we would have a linear iteration that is moreover inter- 
nal — i.e., each extender used in the construction belongs to the model to which it is 
applied. The wellfoundedness of such an iteration follows from a rather mild addi- 
tional condition about the extenders. On the other hand, the choice of condition [7] 
is behind the power of the iteration trees (see the proof of Theorem 13. 9|) . This 
condition also prevents the obstacle to wellfoundedness of the iteration exposed in 
Lemma [2751 (see Lemma [376]) . It will be important that the extenders in E have the 
property (E2), that for every generator ^ of i? we have Ult(y, E) {^V^ — V^, or in 
other words, that every extender is ^-strong for each of its generators S,- 

Lemma 3.6. Assume {T, M^i, E^ \ V ^ C^S, < 0> ^^ ^'^ iteration tree such that 
every extender used in the construction of T satisfies (E2). Assume Eq and Ei 
are extenders used along the same branch of T and Ei was used after Eq. Then 
K — crit(£'i) is greater than the supremum of all generators of Eq. 

Proof. Assume the contrary. Let us first consider the case when Ei was applied to 
Af^ = Ult(AfQ,, £^0) for some a along the branch. By our assumptions Eq is ^-strong 
and therefore Mp n V^ = Ma n V^. Therefore, since Ei could be applied to Mfj it 
could be applied to Ma as well, contradicting the rule for constructing an iteration 
tree. 

We may therefore assume Ei was applied to a model M^ that is a direct limit 
of other models on the branch, including \J\t{Ma, Eq) for some a. The above 
an an induction argument show that crit(jE^) is greater than any generator of any 
extender used in the construction of this branch, including the generators of £^0 • O 
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Note that an iteration tree (T, M,,, _E^ | 77 < wi, ^ < wi) has a branch of length ui 
by ([4]). In Lemma F3.7I below, and elsewhere, we assume that all critical points of 
elementary embeddings j^^ used in building an iteration tree are countable ordi- 
nals. Lemma 13.71 is an attempt to extract one of the key ideas from the proof of 
Theorem 13.91 It is really a version of the comparison lemma for mice due to Steel 
(see [E]). Preprint [17] was very helpful during the extraction of this lemma. 

Lemma 3.7. Assume (T, M^, E^ \ rj < wi,f < uji) is an iteration tree and 6 C w^ 
is its cofinal branch. Assume H -< H,2*'^)+ ^^ countable and it contains the iteration 
tree. Let H be its transitive collapse and let n: H ^^ H be the collapsing map. 
With a = H riuji we have the following. 

(11) a e & and Ma is the direct limit of M^, ^ e 6n a. 

(12) M^, nH is the direct limit of {M^ DH,^ ebCia), 

(13) 7r~^ and jaui agree on Ma H H and in particular 

(a) 'K~^[Ma n H] is included in M^^ fl H, and 

(b) crit(JQ^J > a, 

(14) TT^^ \ {Ma OH) agrees with je^ on Ma C^Vy, where 7 is the strength of the 
extender Ea' such that \]\i{Ma,Ea') is the successor of Ada along b, 

(15) M^^ n Va+1 r\H = Ma n nv^+i n h. 

Proof. Clause ([TT]) follows by (g]) and dH). By elementarity in H it holds that M^^ 
is the direct limit of M^, for ^ G 6, and therefore (fT2|) follows. By applying this and 
dHJ), (flS]) follows as well. Let 7 be as in (fM)) . We have jau^ — JE^, ° i for some i. 
By Lemma [3^ we have crit(i) > 7 and (fT4|) follows. 

Clause P^ is a consequence of P^ . D 

3.2. The iteration game. In what follows elements of an iteration tree will be 
proper classes instead of sets. The arguments can be formalized within ZFC by 
using the standard reflection and compactness devices. We leave out the well- 
known details. We define a two-player game of transfinite length C, in which the 
players build an iteration tree, starting from a model M and a system of extenders 
E in M . Let Mq — M . In his a-th move player I picks an extender E^ in E^'" such 
that the strength of Ea is greater than the strength of Ep for all /3 < a. Then the 
referee finds the minimal 13 < a such that (writing crit(£') for the critical point of 
the elementary embedding je) Vcrit{E^)+i ^ Mp = Vciit(B„)+i ^ Ma. Hence Mp is 
the earliest model in the iteration to which Ea can be applied. Referee then defines 

Ma+l=V\t{Mp,Ea), 

with J/3q+i being the corresponding embedding. The referee also extends the tree 
order T by adding a -I- 1 as an immediate successor to /3. At a limit stage a player II 
picks a maximal branch (M^ | ^ G &) of T such that b is cofinal in a and lets Ma 
be the direct limit of the system (M^, j^.,, | ^ < 77 G 6). If Ma is well-founded then 
we identify it with its transitive collapse. 

The first player who disobeys the rules loses. Assume both players obeyed the 
rules of the iteration game. If M^ is ill-founded then the game is over and I wins. 
If all Ma are well-founded, then II wins, and otherwise I wins. 

For definiteness, we call the above game the {E, (^) -iteration game in M. We shall 
suppress E and M whenever they are clear from the context. An (E,(^) -iteration 
.strategy is a winning strategy for II in the iteration game of length C. A pair (Af, E) 
is (E, ()-iterable if II has a E, (^-winning strategy. An (E, ()-iteration of M is an 
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elementary embedding jo^ : A/ — > Af^ extracted from an i?-iteration tree on (^. A 
model is fully iterable if it is (E, C)-iterable for every ordinal C- 

Theorem 3.8 (Martin-Steel, |12j). Assume there exist n Woodin cardinals and a 
measurable above them all. For every a E M and every m < n there exists an inner 
model containing a and m Woodin cardinals, denoted by Mm{a). It is {uji + 1)- 
iterable and its Woodin cardinals are countable ordinals in V . 

If there are class many Woodin cardinals then every Af„(a) is fully iterable in 
every forcing extension. D 

The assumption that there are class many Woodin cardinals is not optimal. For 
the case when n = 1 see the proof of Theorem 14.41 below. 

3.3. Genericity iterations. Assuming M is sufficiently iterable, we may talk 
about iteration strategies for player I. These are the strategies that, when played 
against IPs winning strategy, produce models (necessarily well-founded) with de- 
sirable properties. 

Theorem 3.9. Assume (M,E) is {uji + l)-iterable and E witnesses a countable 
ordinal 6 is a Woodin cardinal in M. Then for every x C oj there is a (well-founded) 
countable iteration j : M ^- M* such that x is j{yVs.uj{E)) -generic over M* . 

Proof. By Lemma 13.41 and Lemma 11.41 we only need to assure x \= j{Ts,ujiE)). 
Define a strategy for player I for building an i?-iteration tree with Mq = M as 
follows. Assume {T,M^,E(^ \ £, ^ ct) has been constructed. If a; |= joa{Ts,ui{E)) 
then joa '. M —> M^ is the required iteration and we stop. Otherwise, let A be the 
minimal cardinal such that there are ip, k, and a ip, A-strong extender E e JQa{E) 
with cnt{E) = k such that x ^ ^((/s, k,A). Fix such ip, A and E. We have 
X ^ Vf<K fi ^^d 2; 1= Vf<A '/'^- ^^^ note that A < joa{S). Then let player I play 
Ea = E. Note that je^ (k) > A. 

This describes the iteration strategy for L We claim that if II responds with 
his winning strategy then the process of building the iteration tree terminates at 
some countable stage. Assume otherwise. Let (T, M^, _E^ | ^ < wi) be the resulting 
iteration tree and let 6 C wi be its cofinal branch such that Mi^-^, the direct limit 
of {M^ I ^ G 6), is well-founded. 

Fix a countable H ~< _ff/2>*i)+ containing everything relevant. Let a ^ H DuJi 
and let H be the transitive collapse of H, with tt^^: H —> II{9) the inverse of 
the collapsing map. Since the iteration did not stop at stage a, we can consider 
the extender Ea chosen in Ma . By the choice of the iteration, Ea is 0, A-strong 
for some and A such that reflects to a but x ^ Vf<Q Vs, ^^'^ ^ H Vf<A Vi- 
By Lemma 13.21 we have tp,-/ € M^ H Va for all rj < a, hence the formula Vn<Q fv 
belongs to Va+i- By (fTTjl of Lemma [3. 71 there exist ^ <t a and ip G M^ such that 
if = J{q('0). By (jlSp of Lemma 13.71 we have that V„<q 'P'j belongs to H and (/j^ 
belongs to H Ci Ma for all 77 < a. 

Let Ea' be the extender applied to Ma in order so that \J\t{Ma,Ea') is its 
successor on the branch b. We don't necessarily have Ea = Ea'. However, the 
strength of Ea' is not smaller than the strength of Ea by the minimality of A 
chosen at the a-th stage of the construction of the iteration tree. Therefore by 
Lemma [3.71 we have that tt"-'^ and jauii agree on Ma n H and that je and jaui 
agree on Ma fl V\ . Since jauji and Je agree on Ma CiVx, we have that jau)i (0) 
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implies Vf <a Vi^ hence x |= jaui (V') holds in H . Thus for some ^ G -ff fl wi we have 
X \= ip(^ and therefore x \= \l c^^ Vji ^ contradiction. D 

Two extensions of Theoreni l3.9l in different directions are in order (their obvious 
common generalization is omitted) . 

Theorem 3.10. Assume {M,E) is (wi + l)-iterable and E witnesses a countable 
ordinal 6 is a Woodin cardinal in M. Then for every a; C wi there is a (well- 
founded) countable iteration j: M — >■ M* such that x H j((5) is j(Ws^siE))-generic 
over M* . 

Proof. The strategy for player I is identical to the strategy used in the proof of 
Theorem 13.91 and the proof of the latter shows that the iteration terminates at 
some countable stage at which x C\j{5) |= j{Ts.s{E)). D 

Assume an extender E and a forcing P are such that for some k we have 
crit(J£;) > K and P is in V^. Then E still defines an extender in the extension 
by P and this extender is A-strong for every A for which E is A-strong. This is 
essentially a consequence of the Levy-Solovay result that a measurable cardinal 
cannot be destroyed by a small forcing ([T). In the following lemma and elsewhere 
we shall slightly abuse the notation and denote this extender by E. 

Theorem 3.11. Assume {M,E) is (wi + \)-iterable and E witnesses a countable 
ordinal 5 is a Woodin cardinal in M . Assume moreover k < min{crit(j£;) : E G E} 
and P G Vk n M is a forcing notion. If G C F in V is M -generic then for every 
X Q bJ there is a (well-founded) countable iteration j : M[G] — > Af*[G'] such that x 
is 3{Ws,u{E))-generic over M*[G]. 

Proof. By the above discussion 5 is still a Woodin cardinal in M[G] as witnessed 
by E. The proof is similar to the proof of Theorem 13.91 In his strategy, player I 
computes ^(v?, k. A) in M[G\ instead of M . Since G €V , this describes an iteration 
strategy of I in y. Thus II can respond to it by using his winning iteration strategy 
and the other details of the proof are identical. 

As a matter of fact, a simple proof shows that the full iterability of M implies 
the full iterability of M[G] (essentially using the same strategy). The point is that, 
since P is small, the ultrapowers of M lift to ultrapowers of M[G]. Therefore this 
is a consequence of Theorem 13.91 D 

The second proof of Lemma \3.5l We now provide a different proof that if 7 is any 
cardinal less than the least critical point of each extender in E and P is a forcing 
notion of cardinality 7 then in Ws.-yiE) there is a condition p that forces that P is 
a regular subordering of Ws^-^iE). The present proof will also show that there exist 
condition q G Ws^-^iE) and condition r in P that force that P is forcing-equivalent to 
Ws.'yiE). Assume G C P is generic over M. We may assume P = (7, <p) for some 
ordering <p on 7. Since (S is a countable ordinal and 7 < (5, by using Theorem 13.91 
we can find an iteration j : M -> M* such that G is j{Ws^^{E)) generic over M*. 
By our assumption 7 is smaller than the critical point of j and therefore j(P) = P. 
Hence in M* there is go in j{y^s,'yiE)) and r G P that forces P and j{Ws..y{E)) are 
forcing equivalent. By the elementarity, this is true in M for P and Ws.'yiE). D 



THE EXTENDER, ALGEBRA AND E^-ABSOLUTENESS 13 

Here is yet another variation of genericity iterations, also due to Woodin. Its 
proof was sketched in [15] . 

Theorem 3.12. Assume P is a forcing notion of cardinality k and x is a ¥-name 
for a real. If {M,E) is (k+ + l)-iterable and E witnesses a countable ordinal 6 is 
a Woodin cardinal in M. Then there is a (well-founded) iteration j: M ^ M* of 
length < k+ such that P forces x is j{Ws.u{E))- generic over M* . D 



A proof of this theorem has the similar structm'e as the proof of Theorem [ 
Showing that the constructions terminates before the K+-th stage requires tak- 
ing the elementary submodel H of cardinality k and an appropriate analogue of 
Lemma 13.71 In [16 it was proved that if the forcing P is proper then one can find 
a countable genericity iteration. They also pointed out that this is not necessarily 
true when P is only assumed to be semiproper. 

The following is an analogue of Theorem 13.91 for an arbitrary set of ordinals and 
it will be used in the proof of Theorem 14.41 A more useful version (Theorem 14. 5p 
requires a stronger large cardinal assumption. 

Theorem 3.13. Assume {M,E) is fully iterable and E witnesses a countable or- 
dinal S is a Woodin cardinal in M . Then for every set of ordinals x there is a 
(well-founded) iteration j: M ^ M* of length < |a;|+ such that x is j(y^s.s{E))- 
generic over M* . 

Proof. Let E^ £ E he an extender with minimal strength. Iterate Eq to obtain 
an iteration jo '■ M — > Mg such that x C j{5). Since this is a linear iteration, it is 
well-founded. By the minimality, the strength of every extender in j{E) is greater 
than the strength of all iterates of Eq used in jo- Therefore for every iteration 
i: Mq ^ M* oi {Mo,jo{E) we have that z o jo : M ^ M * is an iteration of (M, E), 
and therefore {Mo,jo{E)) is fully iterable. 

From this point on the proof is analogous to the proof of Theorem 13.91 Define 
a strategy for player I for building an iteration tree starting with AIq as follows. 
Assume {T,M^,E^ \ £, < oi) has been constructed. If a; |= (joq ° jo){Ts.5iE)) 
then joq o jq: M — > Ma is the required iteration and we stop. Otherwise, let 
A be the minimal cardinal such that there are (p, k, and a <p, A-strong extender 
E G (joct o i){E) with crit(_E) — k such that x \^ ^(</5, k, A). Fix such 0, A and E. 
We have x ^ Vf<K V'i ^^d x \= Vf<A V'a- and note that A < (joa ° Jo)iS). Then let 
player I play Ea = E. Note that {je^ ° Jo)('«) > A. 

This describes the iteration strategy for I. A proof that if II responds with his 
winning strategy then the process of building the iteration tree terminates at some 
stage before |a;|"'" is identical to the proof of Theorem 13.91 using the variant of 
Lemma [37fl for an iteration tree of height \x\~^ . D 

4. Absoluteness 

4.1. Absoluteness in L(R). The following result and its proof are a prototype for 
the main result of this note, Theorem 14. i 



Theorem 4.1. Assume Mi{a) is fully iterable in all forcing extensions for all 
a G M. Then all S3 statements are forcing absolute. 

Proof. A S3 statement (p{a) with parameter a G M is of the form {3x)ipix, a) where 
1/; is IIj . To If we associate a sentence (p* of Mi (a) (see Theorem 13. 8p stating that 
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there exists a forcing notion P forcing </?. We claim that f holds (in V) if and 
only if (p* holds in Mi (a). This will suffice since the definition of Afi(a) is not 
changed by forcing. If tp* holds in Mi{a) then since Mi (a) n Vs+i is countable we 
can find an A/i(a)-generic filter G C P. If Mi{a)[G] \= ip{x, a) then by Shoenfield's 
absoluteness theorem ip{x,a) holds in V. For the converse implication, assume 
ip{x,a) holds in some forcing extension of V for some a; G M. Since Mi (a) is fully 
iterable in all forcing extensions, apply Theorem 13.91 to find a countable iteration 
j : Mi{a) — > Af* such that x is generic over M*. Then (again using Shoenfield) 
M* \= (p* , and by elementarity Mi (a) \= (p*. □ 

The assumptions of Theorem 14.11 are far from optimal. By a result of Martin 
and Solovay (tllj), if k is a measurable cardinal then S| sentences are forcing 
absolute for forcing notions in V^. As a matter of fact, all Sg sentences are absolute 
between all forcing extensions of V if and only if all sets have sharps (Martin-Steel, 
Woodin; see e.g., [18] for terminology). The important fact about Theorem 14.11 
and its extension, Theorem l4. 21 below, is that its proof is susceptible to far-reaching 
generalizations . 

Theorem 4.2. Assume Mnia) is fully iterable in all forcing extensions for every 
a G M. Then all 5]jj_|_2 statements are forcing absolute. 

Proof. We first prove the case n = 2. A11\ sentence (p has the form {3x)(\/y)ip{x, y, a) 
for some real parameter a and a 112 formula ip. Let M2(a) be the minimal model 
for two Woodin cardinals containing a fully iterable in all forcing extensions (The- 
orem [3?8l), and let So < Si be its Woodin cardinals. 

To p associate a sentence p* stating that there is a forcing P in Vsg+i and a 
P-name x for a real such that for every forcing Q G V^^+i and a Q-name y for a 
real we have 

II"P*Q V'(a;,2),a)■ 
We claim that p} holds in V if and only if p* holds in M2(a). 

Assume M2(a) \= p*. Find G C P generic over M2(a) and let x — intG(i). Let 
y be any real. Let Ei be the system of extenders witnessing Si is Woodin in Al2{a). 
We may assume min{crit(j£;) : E G Ei} > Sq. Using the full iterability of M2(a) and 
Theorem EJU find an iteration j : M2(a)[G] -^ M*[G] such that y is JiWs^^iEi))- 
generic over Af*[G]. Then by elementarity we have A/*[G][y] \= %p{x^y,a) and by 
Shoenfield's absoluteness theorem ip{x,y,a) holds. Since y was arbitrary, we have 
proved p holds in V. 

Now assume p holds in V and let x G 'P(w) be such that {yy)^fj{x,y,a). By 
Theorem l3.9l find an iteration jo ■ M2(a) -^ M* such that x is jo{yVs,ui{Eo))-geneiic 
over M*. Fix y G P(a;). By Theorem [STTTl there is an iteration ji : M*[x] -^ M**[x] 
such that y is (ji o jo)(W5,w(^i))-generic over M**[a;]. Then V |= p{x,y,a) and by 
the Shoenfield's absoluteness theorem M**[a:] |= p{x,y,a). Since y was arbitrary, 
this shows p* holds in Af2(a). 

This concludes proof of the theorem in the case when we have two Woodin 
cardinals. In general case, to a S^_|_2 formula (3xi){\/x2) .. .p{xi,X2, ... ,Xnja) 
with i/j being Sj one associates a formula p* of Mn{a) stating 

(3Pi G Vs„+i)i3xi){W2 G V5,+i)(Vi2) . . . I^,rf,,...,p„ ^{xu. . . ,x„, a) 

and proves that V \^ p is equivalent to Af„(a) |= p* as above. D 
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The itcrability assumptions of Theorem 14.81 and Theorem 14.21 may sound awk- 
ward. However, (1) miphes (2) of Theorem 14.41 and the foUowing example show 
that some assumption of this sort is necessary. 

Remark 4.3. The following was pointed out by Menachem Magidor. In Theo- 
rem 14.21 it is not sufficient to assume that there are n Woodin cardinals and a 
measurable above. This is because li V = L[E] for some system of extenders then 
some forcing extension of V is of the form L[x], for a real x. Such an extension 
satisfies the projective statement 'there exists a real x and a ^l{x) well-ordering 
ofM.' 

Therefore the existence of M„ (a) is a strictly weaker assumption than its itcrabil- 
ity in all forcing extensions, needed in Theorem l4.1l We write M„ for M„(0). Recall 
that a set of ordinals X has a sharp if there is a nontrivial elementary embedding 
of L[X] into itself. 

Theorem 4.4. The following are equivalent. 

(1) Ml exists and it is fully iterable in all forcing extensions. 

(2) Every set has a sharp and there is a proper class model with a Woodin 
cardinal. 

Proof. We only prove the implication from (1) to (2). We only need to show that 
the full iterability of Mi implies that every set has a sharp. Assume the contrary, 
and let X be a set without a sharp. Then the Covering Lemma holds in L[X], 
hence the successor A+ of some singular cardinal A such that X G Vx is correctly 
computed in L[X] ([!]). By Theorem 13.131 there is an iteration j : Mi -^ M* such 
that X is generic over M* and j{S) < A+. Then M*[X] correctly computes A+, 
since it includes i[X]. On the other hand, by the chain condition of the extender 
algebra j(S) remains a cardinal in M*[X]. A contradiction. D 

I learned the above proof that (1) implies (2) from Ralf Schindler. This proof 
also shows that if Mn+i is fully iterable then for every set X there is an inner model 
including L[X] with n Woodin cardinals that has a sharp. 

4.2. Genericity iterations for subsets of uji. We finally turn to applications of 
the algebra Ws^s with S generators. The assumption of the existence of an (wi + 1)- 
iterable model with a measurable Woodin cardinal is presently beyond reach of the 
inner model theory. 

Theorem 4.5. Assume {M,E) is {uji + l)-iterable and E witnesses a countable 
ordinal S is a measurable Woodin cardinal in AI . Then for every a; C wi there 
is a (well-founded) uji-iteration j: M — )■ M* such that x is j(Ws.s{E)) -generic 
over M* . 

Proof. This proof is an extension of the proof of Theorem l3.10l We need to assure 
X \= j{Ts,siE)) for an oji-iteration j. Define a strategy of player I for building an 
iteration tree starting with Mq — M as follows. Assume (T, Af^, E^ \ r/ < a, ^ < a) 
has been constructed. 

(a) Assume there is a sequence (p in Ma that reflects to some k but x ^ '^'{(p, k, A) 
for some A satisfying A < joaiS) and A > sup^<Q,(A£;^). Choose the minimal A with 
this property, fix the appropriate ip and k so that x ^ ^(y^, k, A). Then let Ea be 
a [0, A)-strong extender in M^ such that crit(ii^a) = k. Note that je^ {k) > A. 
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(b) Now assume a is countable and x 1= JQa{Ts,s{E)). Since (5 is a measurable 
Woodin cardinal, use normal measure U on joa[5) to define Ma+i = Ult(AfQ,t/) 
and let ja,a+i ■ Ma -^ M^+i- 

This describes the iteration strategy for I. Now consider the iteration tree formed 
when II plays his winning strategy against the iteration strategy just defined for 
player I. By Theorem 13.101 the set C of all stages a in the iteration such that 
X \= joaiTs.siE)) and a = joa(^) is unbounded, and it is therefore a club. Note 
that X Cia is JQa{yVs.,s{E))-generic for all a & C. 

By the choice of extenders and Lemma 13. 6[ for a € C the critical points of 
embeddings constructed after ath stage will never drop below j'oq (S) . 

The critical sequence defines a club in wi and an oji-iteration {N^,j^ri | ^ < ?? < 
wi) such that A'o — M, for ^ < 77 the embedding j^^ : N^ —;■ N^ has a^ as its critical 
point, and a; n aj ^ jo^{7s,s{E)) for all ^. Since the critical points are increasing, 
this implies that x \= jou;-^{Ts,s{E)), as required. D 



Theorem 14.81 below was proved independently by Steel and Woodin and a proof 
of its strengthening due to Neeman can be found in [TB]. Theorem 14.81 implies that 
the existence of a model with a measurable Woodin cardinal that is fully iterable in 
all forcing extensions would provide an another proof of Woodin's E^-absoluteness 
theorem ([19]; see also [1], [9], or [2]. The proof of this theorem will use the following 
standard forcing fact. The assumption that V^+i n M is countable is used only to 
assure the existence of generic objects. 

Lemma 4.6. Assume M is a transitive model of ZFC such that M n Vs^^i is 
countable. Assum,e P and Q belong to M ClVs andV is a regular subalgebra o/Q. // 
G CV is M -generic, then there is an M -generic H C Q such that G € M[H]. D 

Lemma 4.7. Assume P is a forcing notion in M with 5-cc of cardinality 6. If 
j : M — > M* is an elementary embedding with crit(j) = S, then P is a regular 
subordering o/j(P) in M. 

Proof. We may assume P C V5. Let ^ be a maximal antichain in P. By the S-cc 
we have A £ Vg, and therefore j{A) = A. By the elementarity, y^ is a maximal 
antichain in j(P) in M*. Since being a maximal antichain is absolute, A is a 
maximal antichain of j(P) in M. D 

Theorem 4.8. Assume there exists a model DJli with a countable ordinal 6 that is a 
measurable Woodin cardinal in 9Hi which is fully iterable in all forcing extensions. 
Then to every E^ statement ip we can associate a statement ip* such that ifV\=ip 
then JOti 1= if* and if dJli \= ip* and CH holds then V \^ ip. 

Proof. The sentence p is of the form {3X C M)?/)(X) where -0 is a statement of L(]R.). 
To it we associate ip* stating that below some condition Ws^s forces p and \S\ — Ki. 

In order to prove that p implies 9Hi \= p* , assume X C M is such that ip{X) 
holds. Go to a forcing extension of V with the same reals that satisfies CH. Fix Y C 
wi that codes X and all reals. Using Theorem 14.51 find an iteration j : dJli — ^ St* of 
length wi such that Y is j (Ws.s{E))-generic over 9Jl*. This forcing has j((5)-chain 
condition and it collapses all cardinals below j{S) to uj. Therefore R^il^l — R, 
hence mii[Y] h V'(^)- 

We now assume CH and 2Hi 1= p* and prove p. In 9Jli fix a condition p in Ws^s 
and a name X such that p forces tpiX). By using CH we can enumerate 'P{(jj) as 
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rj, for ^ < cji. In this proof we shall write Mq for OTi. We shall now describe an 
iteration strategy for player I. Along with the iteration, player I constructs generic 
filters. After player Fs strategy is described, we shall run it against player IPs 
winning strategy for the iteration game and argue that the run of the game produces 
a well-founded iteration j : Mq -^ M* and G C j{yVs,s{E)) generic over M* such 
that p = j{p) is in G and that M*[G] contains all reals. All extenders E used in 
player Fs strategy defined below will satisfy crit(_E) > S, therefore assuring j{p) = p. 

Since Mq n Vs+i is countable, in V we can find a Gq C Ws^siE) generic over Afg 
and containing p. Now use the extender in Mq with critical point S to find jq : Mq — ^ 
Ml. By Lemma l47fl Gq can be extended to a generic filter for jo{yVs,5{E))- 

We want to find a generic Gi C JQ{yVs,s{E)) extending Gq and such that 
To G Afi[Gi]. Let Sq be the least Woodin cardinal in Mi greater than S whose 
Woodinness is witnessed by (an initial segment of) jg (E) ■ Let Ei consist of gen- 
erators in Jq{E) witnessing Woodinness of 5q whose critical points exceed 5. Now 
player I attempts to find an iteration iq : Mi — >■ Ml using the extenders in Ei 
such that ro is generic over ioiyVsouiiEi)). (Recall that player II continues play- 
ing his winning strategy for the iteration game corresponding to E from 9Jli, and 
therefore by Theorem 13.91 after countably many stages we will assure that tq is 
generic.) Assume I has succeeded in finding iq. Since the critical point never 
drops below i5, this is an iteration of Mi resulting in some M^. Since p forces that 
(«o ° Jo)0^5,s{E)) collapses 2*° to Hq, iQiWs,5^{Ei)) can be embedded as a regular 
subalgebra of the former below p. We can therefore use Lemma l4.6l to find a generic 
Gi C {iQOJQ){WsAE)) including Gq such that ro € (io o Jo)(Mi)[Gi]. 

We proceed in this manner. At the ath stage we have an iteration j^ : Mq — >■ Ma 
and Gq is a generic filter for Ja(yVs,s{E))). We then find an ultrapower j^ : Ma -^ 
M* with critical point j^ (S) and write ja = Ja ° Ja ■ ^Y Lemma 14.71 the filter Ga 
can be extended to a generic ultrafilter included in ja{yVs,5{E)). 

Fix the least Woodin cardinal in M* above Jai^)- Using the algebra with w 
generators on this cardinal and Theorem l3.9l find an iteration oiia ■ Ma — > M** that 
makes Tq generic for an algebra that is a regular subalgebra of {ia o ja){yVs,siE)). 
Again player I plays only the extenders E with cnt{E) > j°(5) so the responses of 
player II result in an iteration i^ : M* -^ M**, as required. By Lemma HTTl we can 
find a generic filter Ga+i Q [ia ° ia)(y^& 5{E)) extending Gq such that Tq belongs 
toMr[GQ+i]. 

At a limit stage of the construction player II chooses a maximal branch of the 
iteration tree constructed so far. By the <5-cc, every maximal antichain of the image 
of yVs,s [E) in this model belongs to some earlier model. Therefore the direct limit 
of the Gj corresponding to the models on the branch is generic. 

This describes a game which produces an iteration j : Mq -^ M* such that 
j{S) — Hi and a G C j{Ws,s{E)) generic over M* and containing j{p) — p. By the 
choice of p and elementarity ■0(A") holds in Af*[G]. Since the model Af*[G] also 
contains all reals, ipiX) holds in V. D 

Corollary 4.9 (Steel, Woodin). Assume there exists a fully iterable modeldJli with 
a countable ordinal S that is a measurable Woodin cardinal in Wli. Then every Ei 
statement true in some forcing extension of V is true in every forcing extension 
of V that satisfies CH. D 
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5. E2 ABSOLUTENESS 



A positive answer to the following (modulo sufficient large cardinals) was con- 
jectured by John Steel (see also [27]). 

Question 5.1. Assume ip is aT,2 sentence such that CH+ip holds in some forcing 
extension. Is it true that (p holds in every forcing extension that satisfies ? 

By a result of Woodin (see |6]), if there is a measurable Woodin cardinal then 
there is a forcing P that forces every Ej sentence (p that holds in some forcing 
extension satisfying CH. The forcing P is the iteration of the collapse of 2^" to Hi 
and an another forcing notion. It is not known whether the collapse of 2^" to Hi 
alone suffices for this conclusion. 
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